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One-Parameter Inhomogeneous Differential
Realizations and Boson—Fermion Realizations
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One-parameter homogeneous and inhomogeneous differential realizations ofithe gl(2
superalgebra on the spaces of homogeneous and inhomogeneous polynomials and the
corresponding boson—fermion realizations are studied. The parameter has relation to
the Hubbard interaction parametgiin the Hubbard model for correlated electrons.

1. INTRODUCTION

Lie superalgebras have played an important role in nuclear physics, superuni-
fication, and supergravity (Balantekin and Bars, 1982; Dondi and Jarvis, 1980; Van
Niewenhuizen, 1981). A series of models of correlated electrons on a lattice and
exactly solvable in one dimension and supersymmetric, such as Hubbard and ex-
tended Hubbard models and t-J model (Essler and Korepin, 1992, 1994; Sakar,
1990, 1991), EKS model (Essleral, 1992, 1993), BGLZ model (Brachenal,

1995), have been extensively studied because of their promising role in theoretical
condensed-matter physics and possibly in Higlsuperconductivity. Those mod-

els contain one symmetry-preserving free real parameter which is the Hubbard
interaction parameted. Recently discovered quasi-exactly solvable problems
(QESP) in quantum mechanics have been discussed by Turbiner and Ushveridze
(1987). QESP in quantum mechanics have become increasingly important be-
cause they have been generalized to study the conformal field theory (Morozov
et al,, 1990). A connection of QESP and finite-dimensional inhomogeneous dif-
ferential realization of Lie algebras (or superalgebras) has been described at the
first time by Turbiner (1988). Turbiner gave a complete classification of the one-
dimensional QESP by making use of the inhomogeneous differential realization of
the SU(2) algebra, and pointed out that the multidimensional QESP may be stud-
ied and the general procedure to construct the multidimensional QESP in terms
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of the inhomogeneous differential realizations of the Lie superalgebras was pre-
sented (Turbiner, 1988, 1992; Shifman and Turbiner, 1989; Dirac, 1984). The key
to settle QESP lies in studying finite-dimensional inhomogeneous differential re-
alizations of Lie (super)algebras. The supersymmetry algebra of BGLZ model for
correlated electrons on the unrestrictéddimensional electronic Hilbert space
®L-_, C*is superalgebra gl(2). Therefore, it is very important to study the new
one-parameter inhomogeneous differential realizations of thElg§@peralgebra.

In this paper we shall be concerned with the tijsuperalgebra. The purpose of
this paper is to first derive inhomogeneous differential realizations of th¢lyl(2

on the spaces of inhomogeneous polynomials employing variable substitution
technique on the basis of the homogeneous differential realizations. We then con-
sider their corresponding relations @fnumber differential operators and boson
creation and annihilation operators, of Grassmann number differential operators
and fermion creation and annihilation operators respectively. The corresponding
boson—fermion realizations of the g|{2 superalgebra are obtained in terms of
homogeneous and inhomogeneous differential realizations.

2. ONE-PARAMETER HOMOGENEOUS DIFFERENTIAL
REALIZATIONS AND CORRESPONDING BOSON-FERMION
REALIZATIONS OF THE gI(2 |1)

The generators of the gl(®) superalgebra read as follows:

{Q3! Q+1 Qfa Bv M € g|(2|1)(_)| V+1 ny W+1 W, € g|(2|1)I} (l)
and satisfy the following commutation and anticommutation relations:

[Qs, Qi] =+2Q4, [M,Qi]=FQ4, [Q4, Q-]=Qs,
[B, Qi] =[B, Q3] = [B, M] =[M, Qs3] =0,
[Qs, Vi] = £Vi,  [Q3, Wi] =W, [B,Vi] =V, [B W] =W,
[Qs, Vil =V, [Qe, W] =-W4,  [Qs,V4i]=0, [Qs,W4]=0,
[M,V,]=-V,, [M,W_]=W_, [M,V_]=[M,W,]=0
{Va, Vi) = {Va, Vo) = (We, We } = (W, We} =0,
{Va, Wo} = Q4, {(V4, W_} = Qs+ M, Vo, Wy} =M (2)
We consider a typical 4-dimensional irreducible representation. Choose a
basis|é1) = (1, 0, 0, 0),|Ju1) = (0, 1,0, 0),Ju2) = (0, 0, 1, 0)[§2) = (0, 0, 0, 1),

with |u1), |u2) even (bosonic) andg;), |£2) odd (fermionic). In this typical
4-dimensional representation, the generators areldsupermatrices of the form
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(Brachenret al, 1995)

Q3 = [pa) (] — [u2) {1zl
B = al&1) (&1l + (e + 1)(lea) (] + [12) (n2l) + (@ + 2)I62) (E21)
M = a(l&1) (Eal + o) (pal) + (e + 1)(152) (52l + |m2)(mal)
Q4+ = lua)(ual, Q- = |u2)(ual
Vi = —Va | &) {pal + Ve + 1| pa) (&l
Vo = Vo | E) (ual + Vo + 1| po) (&
W, = Vo | ) (€1l + Vo + 1] &) (el
W = —va| o) (gl + Ve + 11 &) (3)

wherea > 0, = 1/U, andU is the Hubbard interaction parameter. The verifi-
cation that the generators thus represented satisfy all the commutation and anti-
commutation relations of the gl(®) is a straightforward calculation.

In order to study differential realization of the g|{2 superalgebra on the
space of homogeneous polynomials, repladjng, |12), |£1), |&2) with four in-
dependent variableg, w2, &1, &2 where 1, uo are C-numbers and, & are
Grassmann numbers respectively, we obtain

Qap1 = 1 Qapz = —p2 Q3t1=0 Q362=0

Bui = (e +1)p1 Bup=(a+1p2 B&r=ab Bé& = (« + 2)62
Mg = apq Mpz = (@ +1uz  Mé& = aé Mé, = (o + 1)62
Qiu1=0 Qipz=p1 Q+61=0 Q+62=0
Q_p1=p2 Q-pu2=0 Q-51=0 Q-5=0

Vin1 =0 Viuz = —Jag; Vi61 =0 Vi = \/Ol_‘l'llM
V_opr = Jag; V_uz=0 V & =0 V_& = Vo + 1up
Wipn1 =0 Wono = Va+185 Wek = Japur W 5 =0

W_p1 = o+ 18 W_pp, =0 W_& = —apuzs W& =0 (4)

Using differential operators the generators of the|dl(are constructed as follows:

d 0
Qs =p1— — po—
Yo o2

9 9 9 9
B=(o0+1| -2 +po— ) +at1— + (@ +2)&r—
(Ol )< 18 1 2a 2) O‘Slagl (05 )528%_2
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d d 0 0
M= Ol(.ula—m +§18_é;'1) + (o + 1)<M28—,u2 + 528—52>

d d
Qr=p1—, Q_=pp—
o2 oy

d ad
Vy = —Vab— + Va4 1y —
a2 082
ad a0
Vo = Vab— + Vo + lup—
dp 0&>
d d
W, = Japr— +vVa+ 15—
081 o2

W_ = —«/auzi + Vo + 1552i )
081 ua

Itis easily proved that the generators thus represented satisfy all the commu-
tation and anticommutation relations of the gi(R Substantially, Eq. (5) is a dif-
ferential realization on the space of homogeneous polynomials of degree one, that
is, A1 = {u1, u2, &1, &}. For the space of homogeneous polynomials of degyee

Ay = {Millﬂizszlfé(z li1,i2,€ Z" k1, k2 =0, L1 +i2+Kk1+Kk2=n} (6)
whereZ™ denotes the set of all nonnegative integers, it carries the direct product
representation of the gl(2),

D?n =(DeDb®---®D) symmetrized (7)

degreen

Using the definition of direct product representation,
Fuinget es?) = (Fui)ugepes® + b (Fu)ares? + ui ni (Fe) 6
+ i gty (F&s?) 8)

where F stands for any generator of the di{®, we can obtain its differential
realizationF on A,. It is easy to check thdt = F.

Considering their corresponding relationgzhumber differential operators
(i ﬁ) and boson creation and annihilation operatoys &),

9 9
b" & w b @a—m [bi, b ] =&, |:8—Mi:l/«ji|=8ij
bl = (b6 ]=0 (2 Ll —pwl=0 @
1 M) (RN aMI’BMJ 1 ]
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and of Grassmann number differential operatar,s(;%) and fermion creation and
annihilation operatoré&a*, ), respectively,

ter ao L Catl =5 N
Fes aeg laal=s {aa’asj}_‘s”

a a
i,aj}={a",a} =0 —, — 1 ={&,§}=0 10
{ai, aj} {a| ]} {aéi 351'} &, &5} (10)

the corresponding homogeneous boson—fermion realization of thd gi$2ob-
tained in terms of two pairs of boson operators and two pairs of fermion operators
as follows:

Qs =bfby —bjby, B =(a+1)(bfbs+bjby) +aaja + (o +2)afa

M =a(bfbs +afa;) + (@ + 1)(bjb. + ajay), Q. =bb,, Q_=bib

Vi = —Voab + Vo +1bfa, Vo = Joea b + Vo +1bfa

W+ = J&bfa1+va+la;b2 W_ = —\/(;b;al—i-«/(x—}—la;_bl (11)

3. ONE-PARAMETER INHOMOGENEOUS DIFFERENTIAL
REALIZATIONS AND CORRESPONDING BOSON-FERMION
REALIZATIONS OF THE gi(2 |1)

In order to get differential realization on the space of inhomogeneous poly-
nomials, we introduce three new independent variabtegi( y.) and employ
variable substitution

_m B B,z (12)
12 2 2

wherex is aC-number andyy, y» are Grassmann numbers respectively. Clearly,
the bais ofA, becomes

X

Wi pgErEst = X udystyst (i+k+r2=0,1,...,n)  (13)
Let
A= X ulyys? s+ ki +k2=0,1,...,ni1€ Z", k1, k2 = 0,1} (14)

then A, is a space of inhomogeneous polynomials.
Using (5), (12) and the following definition

F(Xuylys’) = (FXudyys” + X (FUB) it ys” + X3 (Fyf)¥5°
Xy (B) (15)
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we get the inhomogeneous differential realizaffoof the gl(31) onA,,

Qs = n+2x8+ i + ?
3= ax Y1ay1 y28y2'

d d
n — vi — _
=(e+1)n Yigy Y25,
d d
N — X— — V3 —
(a+ )n XaX ylay
- 5 9 9 —__
Q. =nx—x? x Moy TPy, Q=

—Vany + Va 1><— +fy1x +fy1yz—
= «/a)h— —{—/\/Ol—f-l—
X Y2
— 0 0 d
W, = Va + 1ny, + ﬁx— —Va+ 1y2xa—x —Va+ 1)&)’1@
1

= Vat iy, ~Van- (16)
a1

It is worthy of note thaj, is a cofactor in the basis dk,. Granted that we
extend the nonnegative integeto any real number, one still gets (16).

In a similar way, Considering their corresponding relation€ afumber dif-
ferential operatorsx(, %) and boson creation and annihilation operatbrs p),
and of Grassmann numberdlfferentlal operatg{sg— Yo, 63 ) and fermion cre-
ation and annihilation operatora(, a;; a5, a)

0 0 d

bfex, be —, af ., a — - . a —
=4 <=>8X i <Y1 1<=>8y QB <Y 2<:>ay2
(7)

We can get the corresponding inhomogeneous boson—fermion realization,
Qs=-n+2bb+afa+ajay, B=(@+n—aa+aja
=(@+1)n-bb—ala
), =nb" —b*b—btaja; —btaja,, Q_=b
V+_ —Janay + va + 1bTa, + Vaa bbb + Jaa aa
= Jaa b+ Vo + 1a
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\/\N/+ = Ja +1na2+ +J&b+a1 —Ja —|—1a,jb+b— Vo +1a§ra1+a1
W_ = Vo + 1ajb — Jaay (18)

Obviously, we use only one pair of boson operators and two pairs of fermion
operators in obtaining inhomogeneous boson—fermion realization.

We have obtained one-parameter homogeneous and inhomogeneous differ-
ential realizations, the corresponding boson—fermion realizations of thg )gl(2
superalgebra. The inhomogeneous differential realization is useful to QESP. It is
quite a valid approach to employ the boson—fermion realizations of Lie superalge-
bras in order to study their indecomposable representations. The indecomposable
representation of the gl(2) superalgebra will be discussed elsewhere.
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